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============

The quantum Internet allows legal parties to perform networking based on the fundamentals of quantum mechanics^[@CR1]--[@CR12]^. The connections in the quantum Internet are formulated by a set of quantum repeaters and the legal parties have access to large-scale quantum devices^[@CR13]--[@CR17]^ such as quantum computers^[@CR18]--[@CR27],[@CR28],[@CR29]^. Quantum repeaters are physical devices with quantum memory and internal procedures^[@CR3]--[@CR9],[@CR14]--[@CR16],[@CR30]--[@CR48]^. An aim of the quantum repeaters is to generate the entangled network structure of the quantum Internet via entanglement distribution^[@CR49]--[@CR61]^. The entangled network structure can then serve as the core network of a global-scale quantum communication network with unlimited distances (due to the attributes of the entanglement distribution procedure). Quantum repeaters share entangled states over shorter distances; the distance can be extended by the entanglement swapping operation in the quantum repeaters^[@CR3],[@CR5],[@CR6],[@CR10],[@CR14]--[@CR16]^. The swapping operation takes an incoming density matrix and an outgoing density matrix; both density matrices are stored in the local quantum memory of the quantum repeater^[@CR62]--[@CR79]^. The incoming density matrix is half of an entangled state such that the other half is stored in the distant source node, while the outgoing density matrix is half of an entangled state such that the other half is stored in the distant target node. The entanglement swapping operation, applied on the incoming and outgoing density matrices in a particular quantum repeater, entangles the distant source and target quantum nodes. Crucial problems here are the size and delay bounds connected to the local quantum memory of a quantum repeater and the optimization of the swapping procedure such that the entanglement rate of the quantum repeater (outgoing entanglement throughput measured in entangled density matrices per a preset time unit) is maximal. These questions lead us to the necessity of strictly defining the fundamental stability and performance criterions^[@CR80]--[@CR88]^ of quantum repeaters in the quantum Internet.

Here, a theoretical framework of noise-scaled stability analysis and entanglement rate maximization is defined for the quantum Internet. By definition, the stability of a quantum repeater can be weak or strong. The strong stability implies weak stability, by some fundamentals of queueing theory^[@CR89]--[@CR93]^. Weak stability of a quantum repeater entails that all incoming density matrices can be swapped with a target density matrix. Strong stability of a quantum repeater further guarantees the boundness of the number of stored density matrices in the local quantum memory. The defined system model of a quantum repeater assumes that the incoming density matrices are stored in the local quantum memory of the quantum repeater. The stored density matrices formulate the set of incoming density matrices (input set). The quantum memory also consists of a separate set for the outgoing density matrices (output set). Without loss of generality, the cardinality of the input set (number of stored density matrices) is higher than the cardinality of the output set. Specifically, the cardinality of the input set is determined by the entanglement throughput of the input connections, while the cardinality of the output set equals the number of output connections. Therefore, if in a given swapping period, the number of incoming density matrices exceeds the cardinality of the output set, then several incoming density matrices must be stored in the input set (Note: The logical model of the storage mechanisms of entanglement swapping in a quantum repeater is therefore analogous to the logical model of an input-queued switch architecture^[@CR89]--[@CR91]^). The aim of entanglement swapping is to select the density matrices from the input and output sets, such that the outgoing entanglement rate of the quantum repeater is maximized; this also entails the boundness of delays. The maximization procedure characterizes the problem of optimal entanglement swapping in the quantum repeaters.

Finding the optimal entanglement swapping means determining the entanglement swapping between the incoming and outgoing density matrices that maximizes the outgoing entanglement rate of the quantum repeaters. The problem of entanglement rate maximization must be solved for a particular noise level in the quantum repeater and with the presence of various entanglement swapping sets. The noise level in the proposed model is analogous to the lost density matrices in the quantum repeater due to imperfections in the local operations and errors in the quantum memory units. The entanglement swapping sets are logical sets that represent the actual state of the quantum memory in the quantum repeater. The entanglement swapping sets are formulated by the set of received density matrices stored in the local quantum memory and the set of outgoing density matrices, which are also stored in the local quantum memory. Each incoming and outgoing density matrix represent half of an entangled system, such that the other half of an incoming density matrix is stored in the distant source quantum repeater, while the other half of an outgoing density matrix is stored in the distant target quantum repeater. The aim of determining the optimal entanglement swapping method is to apply the local entanglement swapping operation on the set of incoming and outgoing density matrices such that the outgoing entanglement rate of the quantum repeater is maximized at a particular noise level. As we prove, the entanglement rate maximization procedure depends on the type of entanglement swapping sets formulated by the stored density matrices in the quantum memory. We define the logical types of the entanglement swapping sets and characterize the main attributes of the swapping sets. We present the efficiency of the entanglement swapping procedure as a function of the local noise and its impacts on the entanglement rate. We prove that the entanglement swapping sets can be defined as a function of the noise, which allows us to define noise-scaled entanglement swapping and noise-scaled entanglement rate maximization. The proposed theoretical framework utilizes the fundamentals of queueing theory, such as the Lyapunov methodology^[@CR89]^, which is an analytical tool used to assess the performance of queueing systems^[@CR89]--[@CR94]^, and defines a fusion of queueing theory with quantum Shannon theory^[@CR95]--[@CR103]^ and the theory of quantum Internet.

The novel contributions of our manuscript are as follows:We define a theoretical framework of noise-scaled entanglement rate maximization for the quantum Internet.We determine the optimal entanglement swapping method that maximizes the entanglement rate of a quantum repeater at the different entanglement swapping sets as a function of the noise level of the local memory and local operations.We prove the stability properties for non-complete entanglement swapping sets, complete entanglement swapping sets and perfect entanglement swapping sets.We prove the entanglement rate of a quantum repeater as a function of the entanglement swapping sets and the noise level.

This paper is organized as follows. In Section 2, the preliminary definitions are discussed. Section 3 proposes the noise-scaled stability analysis. In Section 4, the noise-scaled entanglement rate maximization is defined. Section 5 provides a performance evaluation. Finally, Section 6 concludes the results. Supplemental [Information](#MOESM1){ref-type="media"} is included in the Appendix.

System Model and Problem Statement {#Sec2}
==================================
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------------
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### Entanglement fidelity {#Sec4}
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Without loss of generality, an aim of a practical entanglement distribution is to reach $\documentclass[12pt]{minimal}
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### Entanglement purification and entanglement throughput {#Sec5}

Entanglement purification^[@CR69],[@CR104],[@CR105]^ is a probabilistic procedure that creates a higher fidelity entangled system from two low-fidelity Bell states. The entanglement purification procedure yields a Bell state with an increased entanglement fidelity $\documentclass[12pt]{minimal}
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Definitions {#Sec6}
-----------

Some preliminary definitions for the proposed model are as follows.
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### Noise-scaled entanglement swapping sets {#Sec7}
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Problem statement {#Sec8}
-----------------

The problem formulation for the noise-scaled entanglement rate maximization is given in Problems 1--3.

**Problem 1** *Determine the entanglement swapping method that maximizes the entanglement rate of a quantum repeater at the different entanglement swapping sets as a function of the noise level of the local memory and local operations*.

**Problem 2** *Prove the stability for non-complete entanglement swapping sets, complete entanglement swapping sets and perfect entanglement swapping sets*.

**Problem 3** *Determine the outgoing entanglement rate of a quantum repeater as a function of the entanglement swapping sets and the noise level*.

**Problem 4** *Define the optimal entanglement swapping period length as a function of the noise level at the different entanglement swapping sets*.

The resolutions of Problems 1--4 are proposed in Proposition 1 and Theorems 1--4.

Entanglement Swapping Stability at Swapping Sets {#Sec9}
================================================

This section presents the stability analysis of the quantum repeaters for the different entanglement swapping sets.
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These statements are further improved in Theorems 1 and 2, respectively.

Non-complete swapping sets {#Sec10}
--------------------------

### **Theorem 1** {#FPar11}

*(Noise-scaled stability at non-complete swapping sets) An* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta ({\pi }_{S})$$\end{document}$ *entanglement swapping at* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma ({\pi }_{S})\mathrm{ > 0}$$\end{document}$ *is stable for any non-complete entanglement swapping set* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr{S}}({R}_{j})$$\end{document}$.

**Proof** . Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma ({\pi }_{S}) > 0$$\end{document}$ be the noise at a given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\pi }_{S}$$\end{document}$, and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta ({\pi }_{S})$$\end{document}$ be the actual entanglement swapping at any non-complete entanglement swapping set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr{S}}({R}_{j})$$\end{document}$. Using the formalism of^[@CR93]^, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr{L}}(X)$$\end{document}$ refer to a Lyapunov function of a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M\times M$$\end{document}$ size matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X$$\end{document}$, defined as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr{L}}(X)=\sum _{i,k}\,{({x}_{ik})}^{2},$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${x}_{ik}$$\end{document}$ is the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(i,k)$$\end{document}$-th element of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X$$\end{document}$.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${C}_{1}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${C}_{2}$$\end{document}$ constants, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${C}_{1} > 0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${C}_{2} > 0$$\end{document}$. Then, an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta ({\pi }_{S})$$\end{document}$ entanglement swapping with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma ({\pi }_{S}) > 0$$\end{document}$ is stable if only$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb{E}}({\Delta }_{{\mathscr{L}}}|{Z}_{{R}_{j}}({\pi }_{S}))\le -\,{C}_{1}\omega (\gamma ({\pi }_{S})\,=\,0),$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\Delta }_{{\mathscr{L}}}$$\end{document}$ is a difference of the Lyapunov functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr{L}}({Z}_{{R}_{j}}({\pi }_{S}^{{\prime} }))$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr{L}}({Z}_{{R}_{j}}({\pi }_{S}))$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\pi }_{s}^{{\prime} }$$\end{document}$ is a next entanglement swapping period, defined as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\Delta }_{{\mathscr{L}}}={\mathscr{L}}({Z}_{{R}_{j}}({\pi }_{s}^{{\prime} }))-{\mathscr{L}}({Z}_{{R}_{j}}({\pi }_{S})),$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega \,(\gamma ({\pi }_{S})=0)={\omega }^{\ast }({\pi }_{S})\ge {C}_{2},$$\end{document}$$by theory^[@CR89]--[@CR91],[@CR93]^.

To verify ([34](#Equ34){ref-type=""}), first $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\Delta }_{{\mathscr{L}}}$$\end{document}$ is rewritten via ([25](#Equ25){ref-type=""}) as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}{\Delta }_{{\mathscr{L}}} & = & \sum _{i,k}\,{({Z}_{{R}_{j}}^{({\pi }_{s}^{{\prime} })}(({R}_{i},{\sigma }_{k})))}^{2}-{({Z}_{{R}_{j}}^{({\pi }_{S})}(({R}_{i},{\sigma }_{k})))}^{2}\\  & = & \sum _{i,k}\,({Z}_{{R}_{j}}^{({\pi }_{s}^{{\prime} })}(({R}_{i},{\sigma }_{k}))-{Z}_{{R}_{j}}^{({\pi }_{S})}(({R}_{i},{\sigma }_{k})))({Z}_{{R}_{j}}^{({\pi }_{s}^{{\prime} })}(({R}_{i},{\sigma }_{k}))+{Z}_{{R}_{j}}^{({\pi }_{S})}(({R}_{i},{\sigma }_{k}))),\end{array}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${Z}_{{R}_{j}}({\pi }_{s}^{{\prime} })$$\end{document}$ can be evaluated as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}{Z}_{{R}_{j}}({\pi }_{s}^{{\prime} }) & = & ({Z}_{{R}_{j}}({\pi }_{S})-{\zeta }_{ik}({\rho }_{A},{\sigma }_{k}))+|\bar{B}({R}_{i}({\pi }_{s}^{{\prime} }),{\sigma }_{k})|\\  & \le  & {\rm{\max }}(({Z}_{{R}_{j}}({\pi }_{S})-{\zeta }_{ik}({\rho }_{A},{\sigma }_{k}))+|\bar{B}({R}_{i}({\pi }_{s}^{{\prime} }),{\sigma }_{k})|,1),\end{array}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\bar{B}({R}_{i}({\pi }_{s}^{{\prime} }),{\sigma }_{k})|\le 1$$\end{document}$ is the normalized number of arrival density matrices from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${R}_{i}$$\end{document}$ for swapping with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\sigma }_{k}$$\end{document}$ at a next entanglement swapping period $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\pi }_{s}^{{\prime} }$$\end{document}$, defined as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\bar{B}({R}_{i}({\pi }_{s}^{{\prime} }),{\sigma }_{k})|=\frac{|B({R}_{i}({\pi }_{s}^{{\prime} }),{\sigma }_{k})|}{|{B}_{{R}_{j}}({\pi }_{S})|},$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{B}_{{R}_{j}}({\pi }_{S})|={\sum }_{i,k}\,|B({R}_{i}({\pi }_{S}),{\sigma }_{k})|$$\end{document}$ is a total number of incoming density matrices of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${R}_{j}$$\end{document}$ from the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N$$\end{document}$ quantum repeaters.

Using ([38](#Equ38){ref-type=""}), the result in ([37](#Equ37){ref-type=""}) can be rewritten$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}{\Delta }_{{\mathscr{L}}} & \le  & \sum _{i,k}(|\bar{B}({R}_{i}({\pi }_{s}^{{\prime} }),{\sigma }_{k})|-{\zeta }_{ik}({\rho }_{A},{\sigma }_{k}))((2{Z}_{{R}_{j}}^{({\pi }_{S})}(({R}_{i},{\sigma }_{k}))+1)+1)\\  & \le  & \sum _{i,k}(|\bar{B}({R}_{i}({\pi }_{s}^{{\prime} }),{\sigma }_{k})|-{\zeta }_{ik}({\rho }_{A},{\sigma }_{k}))((2{Z}_{{R}_{j}}^{({\pi }_{S})}(({R}_{i},{\sigma }_{k}))))+2{M}^{2},\end{array}$$\end{document}$$thus ([34](#Equ34){ref-type=""}) can be rewritten as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}{\mathbb{E}}({\Delta }_{{\mathscr{L}}}|{Z}_{{R}_{j}}({\pi }_{S})) & \le  & 2\sum _{i,k}\,{Z}_{{R}_{j}}^{({\pi }_{S})}(({R}_{i},{\sigma }_{k}))({\mathbb{E}}(|\bar{B}({R}_{i}({\pi }_{S}),{\sigma }_{k})|)-{\zeta }_{ik}({\rho }_{A},{\sigma }_{k})|{Z}_{{R}_{j}}({\pi }_{S}))+2{M}^{2}\\  & = & 2\sum _{i,k}\,{Z}_{{R}_{j}}^{({\pi }_{S})}(({R}_{i},{\sigma }_{k}))(|\bar{B}({R}_{i}({\pi }_{S}),{\sigma }_{k})|-{\zeta }_{ik}({\rho }_{A},{\sigma }_{k}))+2{(N-L)}^{2},\end{array}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb{E}}(|\bar{B}({R}_{i}({\pi }_{S}),{\sigma }_{k})|)$$\end{document}$ is the expected normalized number of density matrices arrive from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${R}_{i}$$\end{document}$ for swapping with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\sigma }_{k}$$\end{document}$ at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\pi }_{S}$$\end{document}$.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega ({\pi }_{S}(\gamma ({\pi }_{S}) > 0))$$\end{document}$ be the weight coefficient of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta ({\pi }_{S}(\gamma ({\pi }_{S}) > 0))$$\end{document}$ actual entanglement swapping at the noise $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma ({\pi }_{S}) > 0$$\end{document}$ at a given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\pi }_{S}$$\end{document}$, as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega \,({\pi }_{S}(\gamma ({\pi }_{S}) > 0))=\langle \zeta ({\pi }_{S}(\gamma ({\pi }_{S}) > 0)),{Z}_{{R}_{j}}({\pi }_{S})\rangle ,$$\end{document}$$and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\alpha }_{ik}$$\end{document}$ be defined as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\alpha }_{ik}={Z}_{{R}_{j}}^{({\pi }_{S})}(({R}_{i},{\sigma }_{k}))\bar{B}({R}_{i}({\pi }_{S}),{\sigma }_{k}).$$\end{document}$$

Then, by some fundamental theory^[@CR89]--[@CR91],[@CR93]^,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}\sum _{i,k}\,{\alpha }_{ik} & \le  & \sum _{z}\,{\nu }_{z}\langle {\zeta }_{z}({\pi }_{S}(\gamma ({\pi }_{S}) > 0)),{Z}_{{R}_{j}}({\pi }_{S})\rangle \\  & = & \sum _{z}\,{\nu }_{z}{\omega }_{z}^{{\prime} }({\pi }_{S}(\gamma ({\pi }_{S}) > 0)),\end{array}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\nu }_{z}\ge 0$$\end{document}$ is a constant, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\zeta }_{z}({\pi }_{S}(\gamma ({\pi }_{S}) > 0))$$\end{document}$ is a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z$$\end{document}$-th entanglement swapping at a noise $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma ({\pi }_{S}) > 0$$\end{document}$, while $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\omega }_{z}^{{\prime} }({\pi }_{S}(\gamma ({\pi }_{S}) > 0))$$\end{document}$ is the weight of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\zeta }_{z}({\pi }_{S}(\gamma ({\pi }_{S}) > 0))$$\end{document}$.

Then, using ([44](#Equ44){ref-type=""}), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb{E}}({\Delta }_{{\mathscr{L}}}|{Z}_{{R}_{j}}({\pi }_{S}))$$\end{document}$ from ([41](#Equ41){ref-type=""}) can be rewritten as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}{\mathbb{E}}({\Delta }_{{\mathscr{L}}}|{Z}_{{R}_{j}}({\pi }_{S})) & \le  & 2\left(\sum _{z}\,{\nu }_{z}{\omega }_{z}^{{\prime} }({\pi }_{S}(\gamma ({\pi }_{S})\, > \,0))-\omega ({\pi }_{S}(\gamma ({\pi }_{S})\, > \,0))\right)+2{(N-L)}^{2}\\  & = & 2\left(\sum _{z}\begin{array}{c}{\nu }_{z}{\omega }_{z}^{{\prime} }({\pi }_{S}(\gamma ({\pi }_{S})\, > \,0))-\omega ({\pi }_{S}(\gamma ({\pi }_{S})\,=\,0))\\ +\omega ({\pi }_{S}(\gamma ({\pi }_{S})\,=\,0))-\omega ({\pi }_{S}(\gamma ({\pi }_{S})\, > \,0))\end{array}\right)+2{(N-L)}^{2}\\  & \le  & 2\left({\sum }_{z}{\nu }_{z}-1\right)\omega ({\pi }_{S}(\gamma ({\pi }_{S})\,=\,0))+2f(\gamma ({\pi }_{S}))+2{(N-L)}^{2}\\  & = & -2{C}_{1}\omega ({\pi }_{S}(\gamma ({\pi }_{S})\,=\,0))+2f(\gamma ({\pi }_{S}))+2{(N-L)}^{2},\end{array}$$\end{document}$$where *C*~1~ is set as^[@CR93]^$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${C}_{1}=1-\sum _{z}\,{\nu }_{z}.$$\end{document}$$

Therefore, there as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${C}_{2}$$\end{document}$ is selected such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0 < {C}_{2}\le \omega ({\pi }_{S}(\gamma ({\pi }_{S})\,=\,0)),$$\end{document}$$then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb{E}}({\Delta }_{{\mathscr{L}}}|{Z}_{{R}_{j}}({\pi }_{S}))\le -{C}_{1}\omega ({\pi }_{S}(\gamma ({\pi }_{S})=0))$$\end{document}$$holds, by theory^[@CR89]--[@CR91],[@CR93]^, since ([48](#Equ48){ref-type=""}) can be rewritten as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb{E}}({\Delta }_{{\mathscr{L}}}|{Z}_{{R}_{j}}({\pi }_{S}))\le -\,\varepsilon ,$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon $$\end{document}$ is defined as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon ={C}_{1}\omega ({\pi }_{S}(\gamma ({\pi }_{S})=0)),$$\end{document}$$therefore the stability condition in ([15](#Equ15){ref-type=""}) is satisfied via$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathop{\mathrm{lim}}\limits_{{\pi }_{S}\to \infty }{\rm{\Pr }}(|{{\mathscr{S}}}_{I}^{({\pi }_{S})}({R}_{j})| > B) < {C}_{1}\omega ({\pi }_{S}(\gamma ({\pi }_{S})=0)),$$\end{document}$$that concludes the proof. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\blacksquare $$\end{document}$

As a corollary, ([34](#Equ34){ref-type=""}) is satisfied for the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta ({\pi }_{S})$$\end{document}$ entanglement swapping method with any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma ({\pi }_{S})\, > \,0$$\end{document}$ non-zero noise, at a given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\pi }_{S}$$\end{document}$.

Complete and perfect swapping sets {#Sec11}
----------------------------------

Lemma 1 extends the results for entanglement swapping at complete and perfect swapping sets.

### **Lemma 1** {#FPar12}
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Noise-Scaled Entanglement Rate Maximization {#Sec12}
===========================================

This section proposes the entanglement rate maximization procedure for the different entanglement swapping sets.
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-------------
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Non-complete swapping sets {#Sec14}
--------------------------

### **Theorem 2** {#FPar13}
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**Proof**. The entanglement rate decrement for a non-complete entanglement swapping set is as follows.
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Complete swapping sets {#Sec15}
----------------------

### **Theorem 3** {#FPar14}
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#### **Lemma 2** {#FPar15}
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### **Theorem 4** {#FPar16}
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Performance Evaluation {#Sec18}
======================

In this section, a numerical performance evaluation is proposed to study the delay and the entanglement rate at the different entanglement swapping sets.

Entanglement swapping period {#Sec19}
----------------------------
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Delay and entanglement rate ratio {#Sec20}
---------------------------------
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The highest outgoing entanglement rates are obtained for a perfect entanglement swapping set, which is followed by the outgoing rates at a complete entanglement swapping set. For a non-complete set, the outgoing rate is significantly lower due to the losses caused by the non-zero noise in comparison with the perfect and complete sets.

Conclusions {#Sec21}
===========

The quantum repeaters determine the structure and performance attributes of the quantum Internet. Here, we defined the theory of noise-scaled stability derivation of the quantum repeaters and methods of entanglement rate maximization for the quantum Internet. The framework characterized the stability conditions of entanglement swapping in quantum repeaters and the terms of non-complete, complete and perfect entanglement swapping sets in the quantum repeaters to model the status of the quantum memory of the quantum repeaters. The defined terms are evaluated as a function of the noise level of the quantum repeaters to describe the physical procedures of the quantum repeaters. We derived the conditions for an optimal entanglement swapping at a particular noise level to maximize the entanglement throughput of the quantum repeaters. The results are applicable to the experimental quantum Internet.
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